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The Analysis of a Broad~Band Circular Polarizer

Including Interface Reflections*

S.ADACHI~, MEMBER, IRE, AND E, M. KENNAUGH, ASSOCIATE MEMBER, IRE~

Summary-Transmission characteristics of a broad-band circu-
lar polarizer consisting of anisotropic dielectric plates are rigorously
analyzed. The transmitted wave is formulated in terms of the inci-
dent wave including interface reflections. The influence of the inter-
face reflections on the axial ratio of the polarization is numerically

shown vs frequency. Frequency dependence of the power transmis-
sion ratio is also obtained. From the above analysis, it can be con-

cluded that a circular polarizer of this type is promising as a new

broad-band circular polarizer.

INTRODUCTION

I

T WAS shown by Pancharatnaml that a combi-

nation of birefringent plates transforms linear po-

larization to circular polarization over a very broad

optical frequency band. The possibility of applying this

principle to a circular polarizer in the microwave fre-

quency range was discussed in detail by Long. 2

This circular polarizer consists of three cascaded half-

and/or quarter-wave birefringent plates, or anisotropic

dielectric plates with their axes oriented at definite

angles with respect to the incident polarization. Com-

plete circular polarization can be obtained at three dif-

ferent points of frequency by using three plates, each

having a different tilt angle with respect to the incident

plane wave. Generally, it will be possible to design an

n-plate circular polarizer having an axial ratio of 1 at

n different frequencies.

Analyses by Pancharatnam and Long are confined to

the ideal cases where the interface reflections are neg-

lected. The reflections at these interfaces are inevitable

in practical use, particularly for a polarizer consisting

of relatively thin plates with high dielectric constant.

It is easily conceivable that even small reflections have

significant effects on the axial ratio of the emerging

wave.

In this report, the transmission characteristics of the

circular polarizer, including interface reflections, are

rigorously analyzed. The influence of the interface re-

flections on axial ratio vs frequency is numerically

shown. Frequency dependence of the power transmis-

sion ratio is also obtained.
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BIREFRINGENT-PL~TE CIRCULAR POLARIZER

The mechanism of the birefringent-plate circular po-

larizer can be well described by a geometrical represen-

tation on the Poincar4 Sphere.3’4 An elliptical polariza-

tion with axial ratio r ( > 1) and tilt angle (3 (0° <(3< 180°)

between the major axis and a reference axis can be

uniquely represented by a point having 2/3 and 2a

= ~ 2 cot–] r as longitude and latitude, respectively, on

a sphere. A positive sign is chosen for a when the

polarization is of left-hand sense; a negative sign is

chosen for a when the polarization is of right-hand

sense. Such a sphere is called the Poincar6 Sphere, and

is shown in Fig. 1. The equator represents linear polar-

izations. All polarizations of left-hand sense lie in the

upper hemisphere (0° < 2a < 90°) and all polarizations

of right-hand sense lie in the lower hemisphere ( – 90°

<2a < 0°). A change from one state of polarization to

another is represented by a rotation of the sphere about

an appropriate diameter, so long as the transmission is

lossless. For instance, passage of any polarization

through a half-wave birefringent plate corresponds to a

rotation of 180° about an axis in the equatorial plane.

Similarly, passage through a quarter-wave plate corre-

sponds to rotation of 90° about an axis in the equatorial

plane. In particular, the passage of a linearly polarized

wave through a quarter-wave plate whose axes are at

45° to the direction of polarization results in circular

polarization, represented by the pole of the sphere. The

transformation of a linearly polarized wave into a cir-

cularly polarized wave by the three-birefringent plate-
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Fig. l—Poincar6 Sphere.
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circular polarizer is illustrated by the Poincare Sphere in

Fig. 2. At the central wavelength AO, the incident line-

arly polarized wave represented by a point P is trans-

formed to a point Q by passage through half-wave plate

No. 1 (rotation of 180° about axis 00J, and next, to a

point R by passage through half-wave plate No. 2 (ro-

tation of 180° about axis 002). Finally, the linear polar-

ization R is transformed to circular polarization at the

point S by passage through a quarter-wave plate (rota-

tion of 90° about axis 00J. The axes 001,002, and 003 are

determined by the orientation of the fast axes of the in-

dividual plates with respect to the reference direction.

At the equideviated wavelengths Al and AZ from the

central wavelength, the point P is transformed through

points Ql, R,, (rotations of 180° – 28 about 001, 002), or

Q2,RZ(rotationsof 180°+28 about 00,, 00J, respec-

tively, to the same point S (rotations of 90” – 8 or 90”

+~ about 003). Thus, it is possible to design a three-plate

circular polarizer such that a fixed direction of linear

polarization is transformed to complete circular polari-

zation at three different frequencies. However, this

analysis (originally given by Pancharatnam) does not

inc~ude the effect of interracial reflections.

RIGOROUS ANALYSIS OF A BROAD-BAND

CIRCULAR POLARIZER

The plates are assumed to be infinite, and the direc-

tion of propagation of the incident wave is assumed to

be normal to the plate. In Fig. 3, the plate is tilted by an

Fig. 2—Map of three-plate circular polarizer on the
Poincar6 sphere.
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Fig. 3—Coordinate system.

angle @ with respect to the coordinate x. Coordinates x’

and y’ are the fast and slow axes of the plate, respec-

tively. The ‘tfast” axis is referred to the polarization

direction of the wave which has the highest phase

velocity, or the direction along which the dielectric

constant is minimum. A right-hand coordinate system

is used.

Transmission matrices Alf and Al., associated with

fast and slow axes of the plate 1 respectively, are de-

fined as follows:

1-Alf = j

,

(1)
sin kl~dl

Z,f
COS kl~d] ‘

Al, = j 9 (’2)
— sin kladl

( z,,
COS kl,d]

where klf, kl,, are phase constants associated with fast

and slow axes respectively, and Zlr, .21. are normalized

characteristic impedances of the respective media with

reference to the free-space characteristic impedance.

The thickness of plate 1 is given by dl.

Since linearly polarized plane waves along each of the

perpendicular axes x’ and y’ travel independently, we

obtain the following relation using the transmission

matrices defined above:

where

“o= C’f:1) (.Q

and where O is a zero matrix of 2 rows and 2 columns.

The coordinate transformation matrix +1 fron- coordi.

nates (x’, y’, z’) into coordinates (x, y, z) is expressed as

follows :

(5)

where I is a unit matrix of 2 rows and 2 COIU inns. By

using the above matrix, the following transmission

equation for the field components referred to, the un-

primed coordinate system is obtained:

[:]z=o=+j=d‘6)
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where

Wlo = +lTIO+l–l,
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and

(7) EnZ = Ext,

Sepfember

and where 41–1 is the inverse matrix of +1. WIO k the

transmission matrix associated with the plate 1 whose

fast axis is tilted by angle @l from the z axis toward the

y axis.

Carrying out the matrix calculation of (7), the fol-

lowing expression results for WIO:

B, O

()
+0

BI ‘
(8)

where

Al = Alf – AI.,

B1 = Al~ + Al,. (9)

The transmission through a circular polarizer consisting

of n plates is represented by the n products of matrices

of the above type; that is,

It is noted here that since input and output media are

assumed to be free space, their normalized character-

istic impedances are equal to 1.

Substituting (11) and (12) in (10) yields the following

equation for a three-plate circular polarizer:

E3=WQ’W’13)
It is possible to set #S= O without losing generality;

therefore,

Carrying out matrix multiplications yields

EOC

[1

[1

E ,,z

H.y H.,
AC

II

= W01W12 . . . W.–l. (lo)
4WOIWIZW2S =

EOU E,,v ‘
()BD’

– Hoz – Hnz where

where subscripts ., . are referred to the fields at sending
A = [COS 2(@l – 4v)A1A: + COS 24~A@j

and receiving end-surfaces respectively as illustrated in + Cos 24,B,A2 +

Fig. 4(a). B = [sin 2(4, – +JAIAZ + sin 2@lAlB2 +

(14)

BlB2]A3f,

sin 2@2B1A2]Asf

EOxm’nx
(a)

! 2 3

,o=l,j;~~j’zo=l

H;
t

‘Y

(b)

Fig. &(a) An n-plate circular polarizer,
(b) A three-plate circular polarizer.

NOW let E.%, Enz, etc., be expressed in terms of the

incident, reflected, and transmitted fields as follows:

C = [–sin 2(+1 – q52)AlAz + sin 241AIB2

+ Sin ‘2@IA&&

. Cos 242BIA9 + B1B2]A3,. (15)

Solving (13) for the transmitted field (Ect, Ey’) in terms

of the incident field (132i, EYZ), yields

i=l,2; j=l,2, (16)

and for the reflected field
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where A ij, etc., indicate matrix elements of matrices A,

etc. Right- and left-circularly polarized components of

the transmitted wave are given by the following form:

(18)

Ax; al ratio of polarization of the transmitted wave,

A. R., is calculated by

AR=ILI+IRI
. . ]Lq+l”

Power transmission ratio, P.T. R., is given

\Ezf12+\J%12
P.T. R. =

IEZ$[’+ IEJI’ “

(19)

by

(20)

SOMIZ NUMERIC.\L RESULTS

Numerical calculation has been carried out for a

circular polarizer consisting of two half-wave plates

(No. 1 and No. 2) and one quarter-wave plate (No. 3).

Tilt angles @l, #z and incident field components E~’, E~’

have been chosen such that in the absence of interface

reflections, perfect circular polarization is obtained at

three equispaced wavelengths: h, (central wavelength),

and

()A2=X(I 1++ .

This requires: 1’~

@l = +(90° + 2a + e),

~, = +(90° + a),

E.i = cos ~(90° + 2a + 2e),

E,; = sin ~(90° + 2a + 2e),

wherr a is a solution of the equation:

.4sin2a+Bsina+C =0,

and where

A = 4 Cos’ 6(1 – Cos 6),

B = 4 COS’6(COS 28 – COS8),

c = 2 cot~ 6(1 – Cos 6) – COS226,

and e in (22) is given by

2 cosz 8 sin a – cos 28
sine=— —.

2 Cos a

The characteristic values of four polarizers are shown

in Table 1, for several choices of dielectric constant

along fast and slow axes and different values of 8 (which

determines the bandwidth as well as the orientation

angles of the plates). The composition of all pl>~tes in

each example is assumed the same. The particular com-

bination of the dielectric constants in (3) and (4) are

those reported for a stratified polystyrene-sty rofoarn

medium.5

TABLE I

THE CHARACTERISTIC VAI.UES OF THE CIRCULAR POLARIZERS

No. of Example (1) (2) (3)

I

(+)
—

I I I
—.——

‘=f
~f~ s — 1.0 1.0 1.4-70 I .470

Eo
— —.

%

.$,’ = — 1.2 1.5 1.795 1.795
~o II I.__I.._

‘T

k,dl = 32.915 13,978 24.671 1!4.671
\lT – dEf’

(3 18° 18° 18° 23.5°

41 94.654° 94.654° 194.654° Z .493°

@ 66..575° 66.575° 66.575° ~~.172’
——

EgL
tan–l —– 101.159° 101.159° 101.159° 99.642°

EC;

(21)

(22)

(23)

(24)

The axial ratios of the transmitted wave for the above

four examples have been calculated by using ths pre-

ceding equations. The calculation of the matrix prod-

ucts was programmed on the IBM 650 ~computer by

EI. W. Baeumler. The results are plotted in Figs. 5–8,

and are compared with the axial ratios in the case of no

reflection. These curves show very complex behavior for

the frequency variation because of interference be-

tween multiply reflected waves. The effect of in t erfer-

ence reflection is to increase the axial ratio of the c)utput

polarization, although in the worst case the resulting

axial ratio is less than 1.075 over a 2:1 band of fre-

quencies.

The axial ratio of polarizer No. 1 with the ratio of the

dielectric constants, e,/ef = 1.2 is much better than that

of polarizer iVo. 3 with almost the same ratio, e,/ef == 1.22.

This shows that the absolute value of the dielectric con-

5 H. S. Kirschbaum and S. Chen, ‘LA method of producing broad-
band circular polarization employing an anisotro]pic dielectric, ” IRE
TRANS. ON MICROWAVE THEORY AND TECHNIQUES, vol. MTT-5, pp.
199-20.; ; July, 1957.
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— Interface reflection included; – – – Interface reflection
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Fig. 6—Axial ratio of polarization vs frequency for Example (2).
—— Interface reflection included; – – – Interface reflection
neglected.
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stant is as important as the ratio, e,/6f, and must be as

slnall as possible to obtain complete circular polariza-

tion. With the increase of the dielectric constallts

(c,/ej = constant), the reflection at the receiving end sur-

face (boundary between the plate No. 3 and the free

space) increases and causes further multiple reflections

and interactions between the sending and receiving end

surfaces. It is noted also that the output axial ratio of

polarizer NTO. 1 is extremely good, considering the de-

polarization which would be obtained ior a circular

polarized wave passing through a single plane interface.

The above tells us that in this case the multiple reflec-

tions at the boundaries compensate each other as a

whole so as to transmit a complete circlular polarized

wave over a wide frequency band.

The percentages of power reflected are plotted in

Figs. 9 and 10. It is seen that better than 95 per cent

transmission is obtained iu all cases, and that the combi-

nations yielding poorer axial ratios also exhibit the

greater reflection.

CONCLUSIONS

A broad-band circular polarizer consisting of three

auisotropic dielectric plates has been rigorously’ ana-

lyzed under the assumption that each plate has constant

(different) values of retractive index along the two

principal axes. As a result, the transmitted wave has

been formulated in terms of the incident wave including

interface reflections. The frequent y characteristics of

the axial ratio of polarization and the power transmis-

sion ratio have been numerically shown. From the

above analysis it can be concluded that a combination

of this type is very promising as a broad-band circular

polarizer. The axial ratio is less than 1.075 and the re-

flected power less than 5 per cent over more than a 2:1

band of frequencies for each of the ankotropic dielectric

plate combinations chosen as examples in this paper.
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Large Signal Analysis of a Parametric

Harmonic Generator*

KENNErH M, JOHNSON~

Srmmzarg-Large signal analysis of a harmonic generator using

a semiconductor &lode reveals a larger possible efficiency than a
similar small signal analysis. As higher harmonic numbers are

reached, large signal analysis becomes increasingly more important

in predicting the maximum conversion efficiency. It is shown that

there exists an optimum value for the &lode bias voltage and an

optimum coupling of the load and generator to the diode, and that

the diode operating voltage should almost drive the diode into con-

duction. An expression is derived for the maximum conversion
efficiency for any harmonic, and it is shown that the conversion loss

increases with increasing harmonic number, approximately 2.9 db

per n for large harmonic numbers in a typical case.

INTRODUCTION

- ARMON IC generators, unlike parametric ampli-

F[
j fiers, are generally large signal devices; that is,

the input signal traverses the entire dynamic

range of the diode. For this reason, a large signal analy-

sis nlust be used in the determination of the maximum

conversion efficiency, especially at high harmonic num-

bers. Large signal analysis takes into account all the

high er order contributions of the diode nonlinearity to

the efficiency, and, as a result, a greater value for the

* Recei\-ed by the PGiYITT, April 6, 1960; revised manuscript
received, June 28, 1960.

~ Microwave Lab., Hughes Aircraft CO., Culver City, Calif.

maximum efficiency is obtained than is revea Led by

small signal analysis. The large signal analysis is re-

duced to the small signal equivalent when higher order

terms are not considered. This paper describes the large

signal analysis of a semiconductor diode (operating as a

frequency converter and discusses the conditions re-

quired for maximum conversion efficiency.

SEMICONDUCTOR DIODE HARMONIC PRODUCTION

The Manley -Rowez power relations indicate that a

nonlinear reactance in a circuit can give rise to fre-

quency conversion without losses. A back-biased semi-

conductor diode behaves as a nonlinear reactance in a

circuit and, as a result, is useful for frequency con-

version.3 In this section we shall consider a diode as a

harmonic generator to see how much energy conversion

may be expected.

1 D. B. Leeson and S. Weinreb,
~(FrequencY multiplica t ion with

nonlinear capacitance—a circuit analysis, ” PR~c. IRE, ~01. 47, PP.
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2 T. LI. Manley and H. E. Rowe, “Some generalp~operties of.,. non-
linea~ elements—-part 1, general energy relations, ” FROC. IRE, VO1.
44, pp. 904–913; JLIly, 1956.

‘ D. Leenov and A. Uhlir, ‘{Generation harmonics and subhar-
monic at microwave frequencies with p-n i unction diodes, ” PROC,
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